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In a recent experiment by Wu et al. (arXiv:1511.08170), a Raman-assisted two-dimensional spin-
orbit coupling has been realized for a Bose-Einstein condensate in an optical lattice potential. In
light of this exciting progress, we study in detail key properties of the system. As the Raman lasers
inevitably couple atoms to high-lying bands, the behaviors of the system in both the single- and
many-particle sectors are significantly affected. In particular, the high-band effects enhance the
plane-wave phase and lead to the emergence of “roton” gaps at low Zeeman fields. Furthermore, we
identify high-band-induced topological phase boundaries in both the single-particle and the quasi-
particle spectra. We then derive an effective two-band model, which captures the high-band physics
in the experimentally relevant regime. Our results not only offer valuable insights into the novel two-
dimensional lattice spin-orbit coupling, but also provide a systematic formalism to model high-band
effects in lattice systems with Raman-assisted spin-orbit couplings.
PACS numbers: 67.85.Lm, 03.75.Ss, 05.30.Fk
Introduction.– Synthetic spin-orbit coupling (SOC) in
cold atomic gases has stimulated much research inter-
est ever since its experimental implementation [1–10].
As SOC plays a key role in solid-state materials such
as topological insulators and topological superconduc-
tors [11, 12], the realization of synthetic SOC in cold
atoms offers a brand new platform for the investigation
of these exotic states. In a very recent experiment, a
Raman-assisted two-dimensional (2D) SOC has been re-
alized for a Bose-Einstein condensate (BEC) loaded in an
optical lattice potential [13, 14]. Together with the ex-
perimental implementation of 2D SOC in harmonically
trapped Fermi gases [15, 16], these achievements repre-
sent a major step toward the quantum emulation of topo-
logical matter in ultracold atoms. To move forward on
solid grounds, a thorough understanding of the properties
of cold atoms in these novel 2D SOC setups is essential.
In this work, we study in detail key properties of a BEC
under the 2D lattice SOC in Ref. [13]. By characteriz-
ing the single-particle spectrum, band topology, many-
body phase diagram, and quasi-particle excitations, we
gain valuable insights of the system. Importantly, the
Raman-assisted SOC couple atoms to high-lying bands,
which have significant impact on the system [17–19]. In
particular, the high-band effects stabilize the plane-wave
(PW) phase at low Zeeman fields, which lead to the open-
ing of “roton” gaps in the excitation spectrum that are
absent in a simple two-band model [20, 22, 23]. We also
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identify a high-band induced topological phase bound-
ary for the lowest band of the single-particle spectrum,
which is carried over to the bands in the Bogoliubov ex-
citation spectrum. We propose to capture the high-band
effects using an effective two-band Hamiltonian, whose
parameters can be systematically determined from full-
band calculations regardless of the form of SOC. We show
that all the essential high-band-induced properties can be
reproduced in the experimentally relevant regime using
our effective model. Our results can be tested in current
BEC experiments, and provide important insights that
would be valuable for future experimental efforts toward
a topological Fermi gas using 2D lattice SOC.
Model Hamiltonian.– Experimentally, the 2D lattice
SOC is realized by coupling two states in the ground-state
hyperfine manifold by two different Raman processes that
are spatially dependent [13]. The single-particle Hamil-
tonian can be written as
Hˆ =
∫
dr
(
ψˆ†↑ ψˆ
†
↓
)
hˆ0
(
ψˆ↑
ψˆ↓
)
(1)
with
hˆ0 =
(
~2kˆ2
2m +mz M
M∗
~2(kˆ−k0ex−k0ey)2
2m −mz
)
+ V, (2)
where ψˆσ (σ =↑, ↓) are the field operators for fermions
with pseudo-spins σ, mz is the effective Zeeman field, m
is the atomic mass, k is the 2D linear momentum in con-
tinuous space, and ex,y are respectively the unit vectors
in the x- and the y-direction. To define the pseudo-spins
in Eq. (1), the gauge transformation ψˆ↓ −→ e−ik0(x+y)ψˆ↓
has been applied to the hyperfine states of the atoms [13].
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2The lattice potential V = −V0
[
cos2 (k0x) + cos
2 (k0y)
]
,
with a lattice depth V0 and a lattice constant a = pi/k0.
Without loss of generality, we take V0 = 4Er through-
out the work, where Er = ~2k20/2m is used as the unit
of energy. The spatially dependent Raman potential
M = −M0
[
sin (k0x) e
−ik0x − i sin (k0y) e−ik0y
]
is crucial
to the 2D SOC, where M0 is related to the laser parame-
ters. The 2D SOC arises from the two Raman processes
characterized by the off-diagonal terms in Eq. (2). Fi-
nally, due to the spin degrees of freedom, the s-orbital of
the lattice potential consists of two bands.
Single-particle spectrum and band topology.– The
single-particle spectrum of the system can be obtained
by diagonalizing Hamiltonian (1). Two outstanding fea-
tures of the lowest two bands in the s-orbital are the
degeneracy of the lowest-energy states and the existence
of Dirac points, as illustrated by crosses and squares in
Fig. 1a. Interestingly, for both the lowest-energy states
and the Dirac points, their numbers and locations in mo-
mentum space depend sensitively on the strength of the
Raman potential M0.
In Fig. 1b, we show the evolution of locations for the
lowest-energy states (crosses) as the coupling strength
M0 changes. When mz = 0, the locations of the two
degenerate lowest-energy states (red and blue crosses)
move toward each other along the Γ–M1 line with in-
creasing M0, until they merge at a critical M0 ≈ 3.28Er,
where the degeneracy is lifted. During this process,
the spin orientations of the two states rotate within the
plane perpendicular to the Γ–M1 line as indicated by ar-
rows in Fig. 1b. Here, the spin orientation is defined as
〈σˆ〉 = ∑i〈σˆi〉ei (i = x, y, z) with σˆi the Pauli matri-
ces. When mz 6= 0, the double degeneracy of the ground
state would be lifted due to the explicitly broken of time-
reversal symmetry. Following Eq. (1), for mz < 0, the
lowest-energy state closer to the Γ point (red cross in
Fig. 1a) would become the ground state.
While knowledge of the evolution of the lowest-energy
points are important for the understanding of many-body
phases and quasi-particle excitations of a BEC, the loca-
tion and evolution of the Dirac points between the lowest
two bands are crucial to the band topology. This would
be particularly important when a Fermi gas is loaded into
the lattice. At mz = 0,M0 = 0, four Dirac points appear
at X, Y, X′ and Y′ points. When M0 becomes finite,
the Dirac points at X and Y would be gapped out (see
Fig. 1a), and the remaining two would move toward each
other along the X′–Y′ line with increasing M0 (red and
blue squares in Fig. 1c). These two Dirac points merge at
M0 ≈ 3.60Er, beyond which all Dirac points disappear.
When mz becomes finite on the other hand, all the Dirac
points would be gapped out as well.
The aforementioned features of the single-particle
bands are crucially related to the high-band effects in-
duced by SOC. To see this, we consider as a comparison
a simple two-band model hˆ00 = d · σˆ by completely ne-
glecting the higher bands beyond the s-orbital. Here,
dx,y = ±2tso sin (ky,xa) and dz = mz − 2ts cos (kxa) −
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FIG. 1: (Color online) (a) The lowest two bands in the single-
particle spectrum along a contour in the first Brillouin zone
(1BZ) of the lattice potential V . At M0/Er = 1, the Dirac
points near X and Y are gapped out (triangle); while the
remaining two Dirac points (squares) and the lowest-energy
points (crosses) are all shifted away from their original posi-
tions at M0 = 0. (b) Evolution of the location and pseudo-
spin polarization (arrows) of the lowest-energy states with in-
creasing M0. (c) Evolution of the Dirac points with increasing
M0. For all subplots, mz = 0.
2ts cos (kya) with quasi-momentum k and hopping coef-
ficients {ts, tso} [24]. The momentum-dependent hopping
terms in d can be viewed as effective Zeeman fields, which
is eventually responsible for the band topology. Under
hˆ00, we find that the locations of neither the lowest-
energy states, nor the Dirac points, change as M0 be-
comes finite [25]. This finding is in stark contrast to
the full-band calculations using Eq. (1), and is the direct
result of Raman couplings with higher bands. In fact,
as we will show later, such high-band effects induce a
constant in-plane Zeeman field and explicitly break the
inversion symmetry in the single-particle spectrum [24].
As the single-particle ground state moves away from the
Γ point, its spin polarization evolves with increasing M0
(see Fig. 1b) under the effective Zeeman fields.
Ground-state phase diagram.– With a clear under-
standing of the single-particle spectrum, we now study
the many-body ground-state phase diagram in the pres-
ence of intra- and inter-species interactions. The inter-
action Hamiltonian Vˆint =
1
2
∑
σσ′ gσσ′
∫
drψˆ†σψˆ
†
σ′ ψˆσ′ ψˆσ,
where gσσ′ is the interaction strength between spins σ
and σ′. For convenience, we restrict our attention to the
case of g↑↑ = g↓↓ = g and g↑↓ = g↓↑ ≤ g. In general,
g↑↓ 6= g, and we may define a dimensionless parameter
γ = (g − g↑↓)/g.
We derive the Gross-Pitaevskii (GP) equation for the
ground-state wave function of the BEC by minimizing
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FIG. 2: (Color online) (a) Ground-state phase diagram at
zero temperature for the stripe (S) phase, and the plane-wave
(PW1 and PW2) phases. In the PW1 (PW2) phase, the
atoms Bose condense near the lowest-energy single-particle
state corresponding to the red (blue) crosses in Fig. 1a. The
red curves are from the full-band calculation, the blue dash-
dotted curves are from a simple two-band model, and the
black dotted curves are from the effective two-band model dis-
cussed later. The shaded region corresponds to the S phase
from a simple two-band calculation. Note that the discrep-
ancy between the dash-dotted and the solid curves at M0 = 0
comes from nearest-neighbor interactions, which are absent
from a simple two-band model here. (b)(c) Evolution of the
critical points marked by circle (b), and diamond (c), respec-
tively. The line-shape conventions are the same as in (a). The
interaction parameters are set as γ = 0.4 and gn0/Er = 0.5,
where n0 is the average number density.
the energy functional of the system [26]
i~
∂
∂t
(
φ↑
φ↓
)
=
(
hˆ0 + hint
)(
φ↑
φ↓
)
, (3)
where
hint =
(
g |φ↑|2 + g↑↓ |φ↓|2 0
0 g↓↑ |φ↑|2 + g |φ↓|2
)
. (4)
The ground-state wave function φσ can be calculated
from Eq. (3) using imaginary-time evolutions [27]. In
Fig. 2, we show a typical ground-state phase diagram
on the M0–mz plane, where, driven by interactions, a
two-fold degeneracy in the single-particle spectrum gives
rise to the competition between two PW phases (PW1
and PW2) and a stripe (S) phase. In contrast, under
a simple two-band model hˆ00 plus on-site interactions,
the PW phase only emerges when the effective Zeeman
field mz is large enough, which leads to a significantly
over-estimated region for the S phase (shaded region in
Fig. 2a).
Bogoliubov spectrum.– Based on the many-body
ground-state phase diagram, we now investigate the Bo-
goliubov spectrum. For simplicity, we assume that the
system is in a PW state, where the atoms Bose condense
near a single-particle lowest-energy state. Following the
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FIG. 3: (Color online) (a) The lowest band of the Bogoli-
ubov spectrum from a full-band calculation [29]. (b)(c) The
Bogoliubov spectrum along the X′–Γ–X (b), and M2–M1–M4
(c) axes, respectively. (d) Variations of the “roton” gap at
M1 as a function of M0 with mz = 0. The parameters are
M0/Er = 1, mz = 0, gn0/Er = 0.2 and γ = 0. In (b)(c)(d),
we show results under the full-band calculation (red solid), the
simple two-band model (blue dash-dotted), and the effective
two-band model discussed later in the text (black dotted).
standard Bogoliubov theory, we expand the field opera-
tor as ψˆσ = φσ+δψˆσ, with the fluctuation δψˆσ above the
ground state. We then calculate the quasi-particle spec-
trum by diagonalizing the Bogoliubov Hamiltonian for
the fluctuations using paraunitary transformations [28].
In Fig. 3, we show the lowest band of a typical quasi-
particle spectrum with the parameters: gn0/Er = 0.2,
mz = 0 and γ = 0. A linear dispersion emerges at low
energies, which can be identified as the gapless Gold-
stone mode (Figs. 3a and 3b). Under the typical ex-
perimental parameter M0/Er = 1 [13], the deviation
of the condensation position from the Γ point already
manifests itself in the excitation spectrum, such that the
position of the gapless Goldstone mode is not at the Γ
point (Fig. 3b). Notably, the sound velocity of the sys-
tem becomes anisotropic, which should affect the collec-
tive modes of the system. On the other hand, the gaps
appearing near Mi=1,2,3,4 points are reminiscent of the
“roton” gaps in a BEC under the effective 1D SOC [20–
23]. As a comparison, we emphasize that, in a simple
two-band model, the “roton” gaps are not present under
the same parameters (see Fig. 3c), but only emerge at
a much larger mz, when the PW phase becomes stable.
We also find that the “roton” gap at M1 decreases as
the phase boundary to the S phase is approached, and
it vanishes at the phase boundary between the PW and
the S phases, as shown in Fig. 3d. Similar “roton” soft-
ening can be observed for the gaps near the M2, M3, M4
points, but due to the broken inversion symmetry, they
remain finite as the gap near M1 vanishes and the system
enters the S phase. Thus, the emergence and softening of
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FIG. 4: (Color online) (a) The Chern number phase diagram
of the lowest band in the single-particle spectrum on the M0–
mz plane. The triangle marks the topological boundary in
a simple two-band model, which does not change as M0 in-
creases. (b) Chern numbers of the lowest band in the Bo-
goliubov spectrum. For (b), the parameters are the same as
those in Fig. 3. The fine phase structure near the mz = 0
axis ends at M0/Er ≈ 3.60 (cross), where the Dirac points
disappear. The black dotted curves are the corresponding
boundaries calculated with an effective two-band model. The
interaction parameters here are the same as those in Fig. 3.
the “roton” gap at small Zeeman field offers the valuable
opportunity to observe the high-band effects under the
current experimental parameters with a relatively small
M0.
Topological band structure.– As demonstrated in
Ref. [13], the lowest band of Hamiltonian Eq. (1) can
be topologically non-trivial under appropriate parame-
ters. Under the two-band model hˆ00, the gap between
the lowest two bands closes at a critical Zeeman field
mc = 4ts, and the lowest band changes from topologi-
cally non-trivial for |mz| < mc to topologically trivial for
|mz| > mc [13, 14]. Under the Raman-induced high-
band effect however, the condition for the emergence
of a topological band structure can be quite different.
To characterize the topological invariant of the lowest
band, we calculate the Chern number of the band [30]:
C = 12pii
∫
T
dk
(
∂Ay
∂kx
− ∂Ax∂ky
)
, where the Berry connection
Ax,y = 〈φ0 (k) | ∂∂kx,y |φ0 (k)〉 and |φ0(k)〉 is single-particle
wave function at the quasi-momentum k in the first Bril-
lioun zone. In Fig. 4a, we plot the Chern-number phase
diagram for the topology of the lowest band. Apparently,
as M0 increases, the boundaries of the topological band
deviates from that of the simple two-band model. Inter-
estingly, there appears to be a maximal M0 below which
the lowest band can be topological. For small mz, this
suggests the existence of a high-band induced topologi-
cal boundary as M0 is increased. These features can be
probed using the spin-projection measurements [13], and
can give rise to new topological phase transitions in a
Fermi gas under the 2D lattice SOC.
Another interesting observation is that the topology of
the single-particle band structure can be carried over to
the quasi-particle excitation spectrum. Unlike the single-
particle situation, the Chern number for the excitation
spectrum is defined in a symplectic manner [31, 32]. In
Fig. 4b, we show the Chern-number diagram of the low-
est band in the excitation spectrum. While the overall
phase structure is similar to that of the lowest band in
the single-particle spectrum, the topologically non-trivial
region is larger in the excitation spectrum. Furthermore,
as the spin polarization of the condensate differs on ei-
ther side of the mz = 0 axis, a fine structure emerges in
the phase boundaries near the mz = 0 axis at small M0,
which may be attributed to the competition between the
interactions and the effective Zeeman field mz [33]. The
non-trivial band topology of the excitation spectrum can
lead to interesting chiral edge modes in the quasi-particle
excitations in the presence of boundaries [32]. In cold
atomic experiment, these edge modes may be excited and
probed using radio frequency spectroscopy.
Effective two-band model.– So far, we have demon-
strated that high-band effects can significantly modify
the system properties as M0 increases. However, it is not
always easy or desirable to carry out a full-band calcu-
lation. To solve this dilemma, we propose an effective
two-band model, which captures the essential high-band
physics in the experimentally relevant regime when M0 is
not too large. Our formalism can be summarized as fol-
lows: (i) we start from a minimal multi-band model with
only s- and p-orbital of the lattice potential, and per-
form adiabatic elimination to get an effective two-band
model with only s-orbital contributions; (ii) we fit the
parameters of the effective two-band model using a hand-
ful of data points from the single-particle spectrum and
the many-body phase diagram obtained by the full-band
calculations. The consideration behind this procedure is
that the effective model derived in (i), while applicable
in the limit of a deep lattice and weak Raman couplings,
should contain the leading terms responsible for the high-
band effects, although the coefficients may be modified
as M0 increases. Formally, the effective model can be
written as
Hˆeff =
∑
k
βˆ†k(δeff + deff · σˆ)βˆk
+
∑
kk′qσλβν
Uσλβνkk′q bˆ
†
kσ bˆ
†
q−kλbˆq−k′β bˆk′ν , (5)
where βˆ†k = (bˆ
†
k↑, bˆ
†
k↓), bˆ
†
kσ creates a particle with Bloch
momentum k and spin σ, and the parameters {δeff , deff ,
Uσλβνkk′q } can be systematically fitted with data from full-
band calculations [24]. Importantly, while deff contains
an effective in-plane Zeeman field that explicitly breaks
the inversion symmetry, the effective interaction involves
interesting spin-spin correlations. As shown in Figs. 2, 3,
and 4, the effective model works reasonably well in the
experimentally relevant regime with small to moderate
M0. We stress that the formalism discussed here is quite
general and can be applied to describe high-band effects
in systems with arbitrary Raman-assisted lattice SOCs.
Summary.– We study the behavior of a BEC under
the recently realized 2D lattice SOC. While high-band
effects drastically modify system properties and lead to
5high-band-induced “roton” gaps and topological phase
transitions, we derive an effective two-band model, which
is able to capture the high-band physics to the leading
order. Our results not only offer valuable insights into
the novel two-dimensional lattice spin-orbit coupling, but
also provide a systematic formalism to model high-band
effects in lattice systems with Raman-assisted SOC.
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1Supplemental Materials
In this supplemental material, we provide more details on the calculation of the Bogoliubov spectrum, as well as
the derivation of the effective two-band model.
I. BOGOLIUBOV SPECTRUM
Following the standard Bogoliubov theory, we expand the field operator as ψˆσ = φσ + δψˆσ, with the fluctuation
δψˆσ above the ground-state wave function φσ. Under the basis {δψˆ↑, δψˆ↓, δψˆ†↑, δψˆ†↓}T , the Bogoliubov Hamiltonian
for the fluctuations is written as
HˆB =
(
hˆ0 + Γ1 − µ Γ2
Γ∗2 hˆ
∗
0 + Γ
∗
1 − µ
)
, (S1)
where
Γ1 =
(
2g |φ↑|2 + g↑↓ |φ↓|2 g↑↓φ↑φ∗↓
g↓↑φ↓φ∗↑ g↓↑ |φ↑|2 + 2g |φ↓|2
)
, (S2)
and
Γ2 =
(
gφ2↑ g↑↓φ↑φ↓
g↓↑φ↓φ↑ gφ2↓
)
. (S3)
The quasi-particle spectrum can be calculated by diagonalizing the Bogoliubov Hamiltonian above using paraunitary
transformations, which is equivalent to diagonalizing the following matrix
Hˆ ′B =
(
hˆ0 + Γ1 − µ Γ2
−Γ∗2 −(hˆ∗0 + Γ∗1 − µ)
)
. (S4)
The Bogoliubov spectra corresponds to the positive eigenvalues of Eq. (S4).
II. THE EFFECTIVE TWO-BAND MODEL
To get the effective two-band model, we add high-band related correction terms to the simple two-band Hamiltonian
with both on-site and nearest-neighbor interactions. To determine the form of these correction terms, we consider
a minimal multi-band model with only s- and p-orbital of the lattice potential, and perform adiabatic elimination
to get a two-band model with only s-orbital contributions. Due to the high-band coupling, additional terms like an
in-plane Zeeman field and new spin non-conserving interaction terms emerge in the model following the adiabatic
elimination. We assume that these new terms should formally capture the leading-order high-band effects, and then
fit their corresponding parameters using a handful of data points from the single-particle spectrum and the mean-field
man-body phase diagram under the full-band calculations. As we show in the main text, the resulting effective two-
band model works reasonably well in the experimentally relevant regime, when M0 is not too large. In the following,
we describe in detail the procedures we take in each step.
A. Minimal multi-band model
To determine the form of the correction terms. we first consider a minimal multi-band model with s- and p-
orbital of the lattice potential. When we take the spin components into account, this gives rise to a six-band
model. The model should capture the leading-order high-band effects with weak Raman potentials. Under the basis
βˆ†k =
(
bˆ†0k↑ bˆ
†
0k↓ bˆ
†
1k↑ bˆ
†
1k↓ bˆ
†
2k↑ bˆ
†
2k↓
)
, the single-particle part of the model is given by
∑
k βˆ
†
khˆ (k) βˆk, where
hˆ (k) =
 hˆ00 (k) −t
(0,1)
so,onσˆx −t(0,1)so,onσˆy
−t(0,1)so,onσˆx hˆ11 (k) t(1,2)so,on (σˆy − σˆx)
−t(0,1)so,onσˆy t(1,2)so,on (σˆy − σˆx) hˆ22 (k)
 , (S5)
2and
hˆ00 (k) =
[
mz − 2t(0,0)s cos (kxa)− 2t(0,0)s cos (kya)
]
σˆz − 2t(0,0)so [σˆy sin (kxa)− σˆx sin (kya)] ,
hˆ11 (k) = 1 +
[
mz + 2t
(1,1)
s cos (kxa)
]
σˆz + 2t
(1,1)
so σˆy sin (kxa) ,
hˆ22 (k) = 1 +
[
mz + 2t
(1,1)
s cos (kya)
]
σˆz − 2t(1,1)so σˆx sin (kya) .
(S6)
Here, the band indices 0, 1 and 2 represent the s, px and py orbitals of the lattice potential, respectively, and 1 is the
self-energy of the p orbital. Note that {ts, tso} in the main text corresponds to {t(0,0)s , t(0,0)so } above. bˆnkσ (bˆ†nkσ) is
the creation (annihilation) operator of fermions with spin σ on the nth-band with Bloch momentum k. The coupling
coefficients can be calculated as
t(n,n)s =
∣∣∣∣∣
∫
drφnj (r)
[
~2kˆ
2
2m
+ V (r)
]
φnj+ex (r)
∣∣∣∣∣ ,
t(n,n)so =
∣∣∣∣∫ drφnj (r)M (r)φnj+ex (r)∣∣∣∣ ,
t(n,n
′)
so,on =
∣∣∣∣∫ drφnj (r)M (r)φn′j (r)∣∣∣∣ ,
(S7)
where φnj (r) is the n
th-band Wannier function at site j = jxex + jxey with jx,y = 1, 2, 3 . . . Nx,y. Here, Nx,y denotes
the number of lattice points along the x- and y-direction, respectively, and ex,y are the corresponding unit vectors.
Similar to the gauge transformation ψˆ↓ → e−ik0(x+y)ψˆ↓, the gauge transformation bˆnj↓ → (−1)jx+jy bˆnj↓ is taken
before the Hamiltonian is transformed into the Bloch-momentum space. Note that bˆnjσ (bˆ
†
njσ) is the corresponding
creation (annihilation) operator of spin σ at site j. For a typical lattice depth of V0 = 4Er, t
(0,0)
s = 0.0855Er and
t
(0,0)
so /M0 = 0.0545.
In the Bloch-momentum space, the interaction part of the six-band model is given by
Vint =
∑
mn
∑
σσ′
∑
kk′q
Uσσ
′
mn Dˆ
σσ′
mn,kk′q, (S8)
where Uσσ
′
mn = (2NxNy)
−1gσσ′Γmn with Γmn = (1− 2δmn/3)
∫
drφmjφmjφnjφnj and
Dˆσσ
′
mn,kk′q = bˆ
†
mkσ bˆ
†
mq−kσ′ bˆnq−k′σ′ bˆnk′σ + bˆ
†
mkσ bˆ
†
nq−kσ′ bˆmq−k′σ′ bˆnk′σ + bˆ
†
mkσ bˆ
†
nq−kσ′ bˆnq−k′σ′ bˆmk′σ. (S9)
B. Adiabatic elimination
Starting from the six-band model above, we now adiabatically eliminate the p-orbital contributions to derive a
two-band model. We expect that the p-orbital induced terms in the resulting two-band model formally capture the
leading-order high-band effects.
For the single-particle case, the equation of motion (EoM) of the field operators, in the case of gσσ′ = 0, is given by
i~
∂
∂t
(
βˆ0k
βˆek
)
=
(
hˆ00 (k) B
B† C
)(
βˆ0k
βˆek
)
, (S10)
where βˆ†0k =
(
bˆ†0k↑ bˆ
†
0k↓
)
, βˆ†ek =
(
bˆ†1k↑ bˆ
†
1k↓ bˆ
†
2k↑ bˆ
†
2k↓
)
, B =
(
− t(0,1)so,onσˆx −t(0,1)so,onσˆy
)
and
C =
(
hˆ11 (k) t
(1,2)
so,on (σˆy − σˆx)
t
(1,2)
so,on (σˆy − σˆx) hˆ22 (k)
)
. (S11)
In the limit of large V0 and smallM0, the bands in the p-orbital can be adiabatically eliminated. We may then require
∂βˆek/∂t ≈ 0, and derive an effective two-band Hamiltonian for the six-band model by substituting βˆek ≈ −C−1B†βˆ0k
into the EoM of βˆ0k: hˆ
eff
00 = hˆ00 − BC−1B†. Furthermore, we can write C = C1 + C2, with C1 = 1. The Taylor
expansion of C−1 with respect to C2 up to the first-order term gives C−1 = (C1 + C2)
−1 ≈ C−11 −C−21 C2. Considering
3the case with small mz, C
−1 approximately equals to the Taylor expansion of C−1 with respect to C2 up to the first-
order term C−11 − C−21 C2
C−1 ≈ 1
1
− 1
21
(
hˆ11 (k) t
(1,2)
so,on (σˆy − σˆx)
t
(1,2)
so,on (σˆy − σˆx) hˆ22 (k)
)
. (S12)
We can then obtain an effective two-band single-particle Hamiltonian for the six-band model, which is only exact
in the limit of large V0, and small mz and M0
hˆeff00 = δ
eff
00 + d
eff
00 · σˆ, (S13)
where δeff00 = −2χ1 and
deff00,x,y = ±2
[
m
(0,0)
⊥ +
(
t(0,0)so + δt
(0,0)
so
)
sin (ky,xa)
]
,
deff00,z =
(
mz + δm
(0,0)
z
)
− 2
(
t(0,0)s + δt
(0,0)
s
)
[cos (kxa) + cos (kya)] ,
(S14)
with χ = t
(0,1)2
so,on /21, m
(0,0)
⊥ = χt
(1,2)
so,on, δt
(0,0)
so = χt
(1,1)
so , δm
(0,0)
z = −2χmz and δt(0,0)s = χt(1,1)s . By comparing hˆeff00 and
hˆ00, we see that apart from corrections to the existing terms in the simple two-band model, an additional high-band
induced in-plane Zeeman field m
(0,0)
⊥ (ex − ey) emerges in the effective model.
We now proceed to discuss the form of the interaction corrections. When the interaction coefficients gσσ′ are finite
but not too large, we can neglect the interaction terms in the EoM of βˆek and directly write down the effective
interaction Hamiltonian by using the relationship βˆek ≈ −C−1B†βˆ0k,
V effint,00 ≈
∑
kk′q,σβλν
Uσβλνkk′q bˆ†0kσ bˆ†0q−kβ bˆ0q−k′λbˆ0k′ν , (S15)
where
Uσβλνkk′q =
∑
mn,ρρ′
Uρρ
′
mn(Σ
∗
k,mρ,σΣ
∗
q−k,mρ′,βΣq−k′,nρ′,λΣk′,nρ,ν + Σ
∗
k,mρ,σΣ
∗
q−k,nρ′,βΣq−k′,mρ′,λΣk′,nρ,ν
+ Σ∗k,mρ,σΣ
∗
q−k,nρ′,βΣq−k′,nρ′,λΣk′,mρ,ν)
(S16)
and Σ†k =
(
σˆ0 Σ
†
ek
)
with
Σek =
t
(0,1)
so,on
21
 −t(1,2)so,onσˆ0 + 1σˆx − i [mz + 2t(1,1)s cos (kxa)] σˆy + i [t(1,2)so,on + 2t(1,1)so sin (kxa)] σˆz
t
(1,2)
so,onσˆ0 + 1σˆy + i
[
mz + 2t
(1,1)
s cos (kya)
]
σˆx + i
[
t
(1,2)
so,on + 2t
(1,1)
so sin (kya)
]
σˆz
 . (S17)
We want to emphasize the coefficients of every interaction terms all can be analytically written down. Physically,
high-band corrections lead to complicated spin non-conserving interactions in the effective model.
C. Effective two-band model
With the form of the effective two-band model fixed, we now determine the coefficients of the high-band correction
terms by fitting with results from full-band calculations. These coefficients include five single-body parameters 1,
t
(1,1)
s , t
(1,1)
so , t
(0,1)
so,on and t
(1,2)
so,on, and one interaction parameter Γ01. Note that as the coefficients Γmn (m,n = 1, 2) are
associated with fourth-order terms of the high-band operators, they are of higher-order smallness. We therefore do not
fit these coefficients, but rather use their original values, Γ11 = Γ22 ≈ 0.0458Er,Γ12 = Γ21 ≈ 0.0409Er, together with
the fitting parameter Γ′01 in calculating the interaction coefficients in the final effective model. The five single-body
parameters are fixed by fitting the effective model at four characteristic points marked by the open circles in Fig. 1
and Fig. 4(a) in the main text, and by fitting the energy shift of the Dirac points of the single-particle spectrum with
the same parameters as the marked point in Fig. 1(a). The fitting gives a set of linear equations which are easily
solved to obtain the single-body parameters. Γ01 is fixed with the characteristic point which is marked with the red
open circle in Fig. 2 in the main text. The values of the original and the fitted high-band-involved parameters are
listed in Tab. I.
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FIG. S1: (Color online) Comparison of the lowest-energy points (a) and the Dirac points (b) between the full-band model (red
solid curves) and the effective two-band model (blue dashed curves). The open circles denote the points which are selected as
the fitting points.
original t
(0,1)
so,on 1 t
(1,1)
s t
(1,1)
so t
(1,2)
so,on Γ01
∗/Er 0.397M0/Er 2.97 0.465 0.161M0/Er 0.230M0/Er 0.0961
fitted t
(0,1)′
so,on 
′
1 t
(1,1)′
s t
(1,1)′
so t
(1,2)′
so,on Γ
′
01
∗/Er 0.405M0/Er 2.45 0.582 0.0887M0/Er 0.243M0/Er 0.0557
TABLE I: The values of the original and fitted parameters in the effective two-band model.
Typically, the tight-binding approximation with on-site interaction terms is used to derive the two-band model.
Although the strength of the nearest-neighbour interaction terms are far smaller than that of the on-site interaction
terms, the average energy contribution of these nearest-neighbour interaction terms is considerable for typical lattice
depths in current experiments. Indeed, the ground-state phase diagram under a simple two-band model apparently
differ from that of the full-band model at M0 = 0. In order to quantitatively reproduce the results of the full-band
model, these nearest-neighbour interaction terms need to be included for the s bands in the effective two-band model.
We want to emphasize that all conclusions regarding the high-band effects in this paper are not affected by this
correction. By making the substitution using the fitted parameters{
1, t
(1,1)
s , t
(1,1)
so , t
(0,1)
so,on, t
(1,2)
so,on,Γ01
}
−→
{
′1, t
(1,1)′
s , t
(1,1)′
so , t
(0,1)′
so,on , t
(1,2)′
so,on ,Γ
′
01
}
, (S18)
and
Uρρ
′
00 −→ U ′ρρ
′
00,kk′q = U
ρρ′
00 +
+ 2ηUρρ
′
00
∑
l=x,y
{ξρ cos (kla) + ξρ′ cos [(ql − kl) a] + ξρ′ cos [(ql − k′l) a] + ξρ cos (k′la)} (S19)
in Eqs. (S14) and (S16) respectively, where ξ↑↓ = ±1 and η = Γ′00/Γ00 ≈ −0.0152 with Γ′00 the overlap integral of
one s-orbital Wannier function at site j and three other s-orbital Wannier functions at site j+ex, we obtain the final
effective two-band model in the main text,
Hˆeff =
∑
k
βˆ†0k (δeff + deff · σˆ) βˆ0k +
∑
kk′q,σβλν
Uσβλνkk′q bˆ
†
0kσ bˆ
†
0q−kβ bˆ0q−k′λbˆ0k′ν . (S20)
Note that for simplicity, we write {βˆ0k, bˆ0kσ} as {βˆk, bˆkσ} in the main text. Here, the energy shift δeff and the vector
deff are given by δeff = −2χ′′1 and
deff,x,y = ±2 [m⊥ + (tso + δtso) sin (ky,xa)] ,
deff,z = (mz + δmz)− 2 (ts + δts) [cos (kxa) + cos (kya)] , (S21)
with χ′ = (t(0,1)
′
so,on /′1)
2, m⊥ = χ′t
(1,2)′
so,on , δtso = χ
′t(1,1)
′
so , δmz = −2χ′mz and δts = χ′t(1,1)
′
s . The upper index (0, 0)
is dropped here to be consistent with the expressions in the main text. For the lattice depth V0 = 4Er, m⊥ ≈
0.0066M30 /E
2
r , δtso ≈ 0.0024M30 /E2r , δmz ≈ −0.0547M20mz/E2r , δts ≈ 0.0159M20 /Er and δeff ≈ −0.1338M20 /Er.
5The effective interaction coefficient Uσβλνkk′q is given by
Uσβλν
kk
′
q
= 3U
′σβ
00,kk
′
q
δσνδβλ +
∑
mn6=00,ρρ′
U
′ρρ
′
mn (Σ
′∗
k,mρ,σΣ
′∗
q−k,mρ′ ,βΣ
′
q−k′ ,nρ′ ,λΣ
′
k
′
,nρ,ν
+ Σ
′∗
k,mρ,σΣ
′∗
q−k,nρ′ ,βΣ
′
q−k′ ,mρ′ ,λΣ
′
k
′
,nρ,ν
+ Σ
′∗
k,mρ,σΣ
′∗
q−k,nρ′ ,βΣ
′
q−k′ ,nρ′ ,λΣ
′
k
′
,mρ,ν
),
(S22)
where U ′ρρ
′
mn = (2NxNy)
−1gσσ′Γ′mn with Γ
′
mn = Γmn as m,n 6= 0, and Σ
′†
k =
(
σˆ0 Σ
′†
ek
)
with
Σ′ek =
t
(0,1)′
so,on
(′1)2
 −t(1,2)′so,on σˆ0 + 1′σˆx − i [mz + 2t(1,1)′s cos (kxa)] σˆy + i [t(1,2)′so,on + 2t(1,1)′so sin (kxa)] σˆz
t
(1,2)′
so,on σˆ0 + 1
′σˆy + i
[
mz + 2t
(1,1)′
s cos (kya)
]
σˆx + i
[
t
(1,2)′
so,on + 2t
(1,1)′
so sin (kya)
]
σˆz
 , (S23)
and the identity matrix σˆ0.
